


§ space of linear transformations .

Png Lot V and W be vector spaces over F .

Then the set LCV
.
W) of all linear transformations from V to W

is a vestry over F Under the following operations :

• For linear T.tl : ✓→ W
,
we define 1-+U : ✓→W

by ÑUÉ) : = This + UCI's
• For any a c- F ,

we define a -1 : V→ W
aT-c×→, = a. T

Pf : Exercise
.



Lemma : Let V and W be finite - dim vector spaces
with ordered bases and 8. resp .

Let T.tl : V→W linear transformation
Then . IT-iU]p= ftp.r-EUIK

• EAT] § = a. IT ]p✓ fat F
.

I 1F- ⇔Ñ=f . -1*1*4.1=4 .
- Fi + f- .iq?Ij)I 1

= [TIP + talk ☐



Therein : Let V and W be finite -dim vector spaces over F
with dimensions n and M

,
and ordered base, P and f. resp .

Then
,
the map ☒

: LIV , W) Mmxn (F)

T → [TIE
is an isomorphism .

Cod dim IV. W) = dim Mmxnlf ) = dimV. dimW
.



Pf of -1hm :

• ☒ is linear :
☒ (Tta) = [ 1-+Uff -_ftp.rt-uff-ITD-IIU

)
* a.T) = [at] I = a. IT]pr

= a. 8-(T)
• ④ is bijective : For any A-taijc-Mmx.FI , want to show

7- uniq.ae/-:V-Ws.t.IcT)=ETlpt--A .

Let f- { Ji, - -
-

,
Ji }

, f- { Fi , - - -

,
WI } basis for ✓ and W, resp .

⇒ 7- ! T:V→w St
. I

TCj-Y-Eiaijwiv-j-ti.in .

Then -1-047=4 .

-4T¥
")=A

☐



Hence
, given T : V→ W basis f. trap .

have the following commutative diagram :

1- c- Law,
V- W
j
'

unsÑ

ftp.t.rs {④ { µ 'r
¥:*

where A¥- Mmxnlf )



§ change of coordinate

Given ordered basis P and P
' for a vector space V

let Q= [ III.
.

Assume f-{vi. - . - it }
,
f- {vi. . _ . . v7}

I 1 I 1then = ( [ Inui# .
. . [ Irwin) =

'

Ip -

- - [Ñ ])
.

.

I 1 I 1

Def The matrix Q=[ Iv] ! is called the change of coordinate matrix .
It changesp-coordtop-c.org



Pep : .la/QisIkerEbhe
. Iv

> V
(b) For all it c-V. [Ñp=Q]p ,

Ñ
nX¥

it

* ↓ %⇔¥nE¥¥n
P¥ (a) Since Iv is invertible , Q is invertible matrix

.

Ff =

(b)
.

Let v7 V. Then *]p=Iv⇒p=[ Iifp; [F) p ,
17



v7 ñ
'

v5

Example : V=B? 1={1%1.1%1,1%1}
f- { lil I :p }

Then Q-y-I.jp?=Ti=ii+v-i , ,

Iv→]p=QIT]p
Note ñ=£ñ¥ñi

-

f f)
= iÉ §) =µq⇒*%=oi

! -1%

Let F- (1) t.IR?C---Lu7p=1;) .
Then Ñ]p=Q?[v]p=(¥%)

- ☐



In short summary :

Given P . P
'

ordered bases of V.

[ v]
p
= QEV] pi ,

where Q=[Idp?-
Theorems Let T be a linear operator on a finite - dim vector space V.

i. e.
, I.LI?L .

and let P and P
'

be ordered basis for V.

Suppose Q is the charge cord matrix that charges P '- cord to f- cord .

Then
,
IT ]
,
,
= Oi ! ftp.Q .



≤pxstandardbai.hn?.-;xn-YRmkcl-).LetAc-Mnxn4--I. and rbe an ordered basis for F"
.

Then
. [ LA]j=€ELQ .

where A- (¥ . _
_

.

= if
*
similar/conjugate matrix

(2)
.

[ ftp. -_ Etf]pQ ⇔ IT]p=Q - [ ftp.Q-1
(3) .

More generally . T :
✓→W

.

BP
'

bass for V. 8. ✓ bai> for W .

Then ftp.V-IQWYHT.pt -0¥ (* )
it

[Iw]É [IDK



Proof of Theorem .

First pf : By computation

QETIP .
= Elif#ftp.#---IvT] ?
= 4- ◦ IT

p
?

= -1T¥ At= IT] p - Q
.



Second Pf : Use Gmmutativediagram
a- * I

v ii w

"¥⇔_¥¥±i¥r⇔%¥"
'
'
-
-
-
- - -
- -

1174
⇒ 1171! = wtf - IT]f. LIAR



ir
Examptet : T.EE#eEmtolineL.Y--O)

Ivi it
c-sina.mnConsider the basis f- { 1¥:)

,

/÷:)} i¥" ""

>
✗

Then T = Vi Toti)=o .

⇒ [Tipi __ ( '

◦
;)

ODO - Sino

change of basis matrix D= ( since coso) (↳ 0 Sino
A-

'
=

- Sino too )

Hence ftp.a-TIpiQ-1-fwitwo.sino)lost - Sino sin'll

¥eMp Hemp f- {1%191}



Example 2 : T: B'→ reflectingbut the line y=*
Y
"⇒ Y⇒×

Want to compute Epp where P is the standard basis "

Consider the basis F- { II ÉÉ}
Then 1T¥, = F and T = - Fi

⇒ IT]
,
, =/ Mr µ . Api) = If ;)



The change of basis matrix Q from P
'

to p is

A-
p
? -
_ 11 ;) ⇒ E- ¥1 ! ;)

Hence IT]p= O - [Pp ,Ñ=É( ;)
. ☐

L


